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The derivation of a general formula for the coefficient of dielectric recombination is reviewed,
and approximate formulae known in the literature are discussed. With the aid of Burgess’ simplified
formula calculations of the coefficient of dielectronic recombination for the elements C, O, Ne, Mg,
Si, S and Fe in the temperature range 108—4 x 10% °K are performed. The results are presented in
figures and in tabular form. Taking into account dielectronic and radiative recombination, the ioni-
zation equilibrium for the various stages of these elements is determined and compared with recent

results of other authors.

1. Introduction

The contribution of dielectronic recombination
to the ionization equilibrium of the solar corona
reduces the appreciable discrepancy between its tem-
perature as deduced from the observational Dopp-
ler line-broadening and that calculated on the basis
of the ionization theory. This fact has been conjec-
tured by Unsold and was fairly corroborated by cal-
culations of BURGESs 173 and SEATON 3. In addition
to the application of this process to solar physics,
it has grown in importance generally and its astro-
physical applications are multiplying (WIDING 4,
Tucker and GouLp %, ELWERT 8, PoTTASH 7, EVANS
and Pounps 8). It for instance influences the radio
recombination lines (GAYET et al.?) and plays a
role in the planetary nebulae and in HII regions
(GOLDBERG 1°, GOLDBERG and DUPREE 1),

In the following, the general formula of the co-
efficient of dielectronic recombination ag; is derived
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and a few approximate expressions for ag; are
briefly reviewed. We endeavor to point out the phy-
sical assumptions as clearly as possible, because we
think that, due to a practical standpoint, this has
been neglected so far in the literature.

Calculations of ag; especially for ions abundant
in the solar corona using Burgess’ simplified for-
mula (BURGESs ! 13) are presented 14; the limita-
tions of the Burgess formula are particularly stres-
sed. For low density plasmas this expression is the
best possible one, up to now. It allows to calculate
ag; without great difficulty and to an accuracy pre-
sently sufficient for most of the ions important in
astrophysical applications, especially in the solar
corona and in similar low density plasmas (BUR-
GEss and SUMMERS 18). Consequently, values of ay;
calculated by the Burgess formula are published
here without any modification (Section 6). It is in-
tended to sketch in a forthcoming publication the
more modern quantum mechanical treatment of the
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process (SHORE'?, TREFrTZ 20, DAVIES and SEA-
TON 21), The minor modification caused in the val-
ues of ag; by autoionization from collisionally ex-
cited states and by depopulation of the highly ex-
cited levels of the captured electron by collisions in
case of dense plasmas is intended to be treated in
the next paper.

Instead of tabulating ag; for various ions and
for various temperatures T, a reduced formula for
a4;(T) is given as a sum of a few terms whose para-
meters are tabulated for important ions. Calcula-
tions of the ionization equilibrium taking into ac-
count dielectric recombination are also performed
and compared with the results of JORDAN 22 and
with those obtained by using the formula for ag;
given by TUCKER and GOULD 5.

2. The General Formula

In connection with a study of the influence of
atomic oxygen on the upper atmosphere, MASSEY
and BATES 2% were the first to consider, besides the
radiative, the dielectronic recombination also, i. e.

//WM ////////;///M) i 3
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Fig. 1. Term scheme for dielectronic recombination.
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Fig. 2. Relative contribution to agi (i, tot) for Ca*+e, i=4s,
i’=4p (reproduced from BURGESS 32).

19 B. W. SHORE and D. H. MENz£L, Principles of Atomic Spec-
tra, J. Wiley & Sons, New York 1968.

20 E. TREFFTZ, Z. Astrophys. 65, 299 [1967].

21 P, C. W. Davies and M. J. SEATON, preprint, Univ. Col-
lege, London 1969.
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the inverse autoionization. In this process, an elec-
tron colliding with an ion is captured in a highly
excited state of the ion. The surplus energy of the
impact electron instead of being directly radiated.
is used to excite another bound electron of the re-
combining ion. The latter, having been thus doubly
excited, may undergo a transition by emitting a
photon such that no autoionization is possible. In
this way stabilization is achieved, the recombination
takes place, and is accomplished dielectronically.
The process can be represented as follows (BATES
and DALGARNO 24, BURGESS !, TREFFTZ 20, SHORE 19)

X*2(2) +e(Eq,le) > Xte-D (i’7 l:”) s (Pl)
X*e-0 (i) — X*C-D(i,i") +hv, (Py)

where X*?(7) is a z times ionized atom in a state i,
while X*@-1(/,7”) is a z—1 times ionized atom
in a doubly excited state (i’,i”). E,, l, are the en-
ergy and angular momentum quantum number of
the incident electron respectively; » is the frequency
of the emitted photon.

The states i and (i’, i) may in general be many-
electron states, differing obviously by one electron.

(2te1) A5

Aashr

=(n'\")

22 C. JorpAN, M.N.R.A.S. 142, 499 [1969].

23 H. S. W. MassEy and D. R. BATEs, Rep. Prog. Phys. 9, 62
[1942/43].

24 D. R. BaTes and A. DALGARNO, Electron Recombination,
in: Atomic and Molecular Processes, Ed. D. R. BATES, Aca-
demic Press, Inc., New York 1962, Chapter 7, esp. p. 246.
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Now, it can be shown?® that the most efficient re-
combination is obtained, if the state i; of the inner
electron of X* -1 is configurationally the same as
the state ¢ of the recombining ion X*Z, the transi-
tion i— i’ being an optical one. In the following
we shall therefore take i=1i; as granted. Moreover,
if the states i, i’, and i” are characterized by their
effective principal and angular momentum quantum
numbers, viz.,

i=(ml), i'=@,0) and "= (n",1") (2.1)

then the most important terms contributing to the
process P; are those where

U'=1+1 and I"=l-1. (2.2)

The change in the energy of the incident electron
used for excitation of the inner electron is given on

one hand by 22

Eesze‘l' ﬁlﬂ (23)

(Ig is the ionization energy of hydrogen), on the
other by (z+1)2 (z41)2
. e I

e = 2

Ig+ (2.4)

provided n”” > n’, i.e., we neglect the interaction
between the captured and the excited electron, here.
The assumption that the electrons are captured in
highly excited states is in fact reasonable while con-
sidering the main contributions to ag;. The occu-
pation of high levels makes also the dielectronic re-
combination quite important particularly in the case
of radio recombination lines (GAYET et al. ?, GOLD-
BERG 19). Under this assumption n”” 3> n the energy
of the highly excited states is

(z+4+1)2 22
Ey= -~ la— »ln,

(2.5)

the ground state energy of the ion before recom-

bination being I 12
Ep= - e (2.6)
Then, from (2.3) and (2.4)
1 1 *
Ee=E=(z+1)ln (o5 — ) — S5 I
=E;—E, (2.7

by (2.5) and (2.6), which can be seen from Fig. 1.
One can now see immediately that the condition
is=1 is a sufficient condition for stabilization. The

25 See the paragraph following Eq. (2.7).

26 To be more general, we now keep ig different from i till
otherwise stated.

27 Here the state i needs not be the ground state of the ion
X+z2,
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energy of the stabilized state b= (i;,i”) is namely

E,— 1, G+D*

n32

(2.8)

2
r4
—In .

For the stabilization of the recombination, it is clear
that (z+1)2

Ey<Eg= -0,

that is

z2 z2+1)2 z+1)2
—IH;/E —IH( ns2) +IH( nz)

<0.

This inequality is in any way satisfied, if ny=n,
i.e., is=1i. One can also see easily that in many
cases is=1 is also a necessary condition.

We denote the number densities of electrons by
N, and of the ions X*?(Z) by N,(Z). Then the num-
ber of recombinations per cm? per sec of ions in
state { is given by

& Na() = aai G tot) Ne N2 (i),
=”2”adi (i; i,’ i”) Ne Nz(i) ’

(2.9)

where ag; is the coefficient of dielectronic recom-
bination.

On the other hand, the dielectronic recombination
is ensured when the process P, takes place 26. There-
fore, the total number of dielectronic recombina-
tions is equal to the total number of stabilizations,
namely 27

Z Zadx (i;7,i") Ne N, (i)

3

= ZNZ—I(L.” i”) Z Ar(i,s i”‘_> is’ iH)?
i, ig

(2.10)

where N,_;(i,i’) is the number density of the
doubly excited ion X+ -1, and A4, is the transition
probability for the process P,. Here A, may be
taken to be independent of the captured electron,
i. e., the coupling between the inner (excited) and
the outer (captured) electron is neglected. This
approximation is borne out by the quantum me-
chanical treatment (SHORE!?, TREFFTZ28), which
will be discussed in the next paper.

Considering a stationary state, for every level the
number of all electron losses due to photo- and auto-
ionization are equal to the number of electron cap-
tures. Consequently, the number density N,_; can

28 E. TrREFFTZ, in: Physics of the One- and Two-Electron
Atoms, Ed. F. Borr and H. KLEINPOPPEN, North Holland
Publ. Comp., Amsterdam 1969.
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be determined from the steady-state condition:
Nz—l (ila i”) [z Ar (il, i"_)' is ’ i”)
ig
+ Z ;Aa(i,, i’/‘-_> i//l’
t”' e

=D N N,(i"”) S reap(@”s Eele—i',n" "), (2.11)
T le

where A4, is the probability of auto-ionization of the
ion X*@-1 back to states i’ of the ion X* @ and
to the state E, and [, of the free electron. Here r,p
denotes the rate of electron capture.

Substituting for N,_; from (2.11) in (2.10), one
gets first
2 2 ag(i;7,i") N;(i) Ne

i 1 i

Ecle)]

zfcapEAr

(2.17)

In the following, we shall only be interested in the
recombination to the ground state of X*? which is
denoted from now on by i. Equation (2.11") then
gives

2 reap (i, Ee le— i/, n”" 1”) 2 Ay
ag; (i, tot) =,§ S 443 S A
i

a4 (2.12)

In order to set up a relation between 4, and r¢,p,
a thermodynamic equilibrium may now be assumed.
Then the number of photons of frequency » emitted
due to process P, should be equal to the number of
photons of frequency v absorbed. To maintain Max-
well distribution, the number of electrons of the
energy E lost due to capture must be gained by the
auto-ionizaton. In other words, it means that the
steady-state condition (2.11) holds true for every
state of excitation i’ of X*# and in particular for
the ground state i without the first term on the left
hand side. This can be stated for each value of the
angular momentum quantum number [, of the free
electron, so that

Au (@, i" >4, Ec L) (2.13)
o S N N )
=ranli Bl ¥ |57

where the fraction in the square bracket can be
evaluated with the aid of Saha and Boltzmann equa-
tions as given below.

First, the ratio of number densities N, and N%,_4
of the ions X*? and X*#-1 in their ground state 2°

2 To distinguish X+ (#-1)(",i”) from X+ (-1) in ground
state, we use a superscript zero in the number density of
the latter.
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is given by the Saha ionization equation

Ny @%-1 h3
Nz Ne wz

. eEe/kT

2Q@amkT) (2.137)

where E; is the ionization energy for the ion X*?
and is given by (2.6). Here w°,_; and w, are the
statistical weights of the respective ions.

Second, with the aid of Boltzmann equation the
fraction of ions in the doubly excited state (i’,i”)
with respect to the number N,_; in ground state
can be expressed as

Ne-1(@,i")
N1

_ w2-1(,1")
w®_1

BT (2.14)

E; being given by (2.5). Eliminating N%_; from

(2.13") with the help of (2.14) and using (2.7),
we get finally

Nz-1(&,17)

Nz(i) Ne

’

o)
w (i)

h3 e—E/KT
2@amkT):

(2.15)

where we have omitted the subscripts of w’s for the
sake of conciseness. With (2.15), expression (2.13)
goes into

o . 2 27 kT /'
A, 0 '_)l;Eele)’:rcap af) Srpel)

P (l' //) h;

BT |

(2.16)
Substituting now from (2.16) for re, in (2.12),
one gets finally

w (i, i)

—E[kT
w@ ¢

. h
a4 (i, tot) = 2@amkD¥ =§' v
il

EA @i — i, 1 )EAd(z’ " —>i,Eele)
X

EAI'('/, l,,_)ls,l )+2A'1(l, l”—>l”, E l) (2.17)

which is the most general formula. It may be men-
tioned here that exactly the same formula can be
derived by the quantum theory of resonance scatter-
ing (TREFFTZ 20, SHORE 1%), with the aid of which
the quantities A, , A, can also be calculated. Up to
now, nothing has been said about the quantities 4, ,
A, or rep. In the following sections we discuss
however a few approximate formulas for 4,, 4,,
and ag; found in the literature.

3. An Approximation for Low Temperature

The first approximation of formula (2.17) which
we would like to discuss is that of MASSEY and
BATES 23, If one identifies the stable state with the
ground state of X*%(i), i. e., iy =1, and assumes that
the auto-ionization takes place only to the continu-
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um of ion X*%(i), i.e., i’ =i, Eq. (2.17) simpli-
fies to
w(il’ i”)

—EJKT
0@ ¢

. h
a4i (i, tot) = ﬂ2nkafhi%”

Ar (8" — i, 1") Ao (i, 1" — i, Ee)
A (i1 —i,0") + Aa (i, 1" — i, Ee) °

(3.1)

where

Aa(i’, i” = i: Ee) = z Aa(i,’ i” = i’ Ee ’ le) .
l!

One may now introduce the lifetimes defined by

1,=Af! and 71,=47!,

to get the formula
13 e—E/KT
CamkT)%: "

1 w@,i)
2 w(i)

agi (i, tot) = > (3.2)

i Ta+7Tr

In cases where the lifetime 7, for emission of a line
is much longer than the lifetime 7, for autoioniza-
tion, i.e. 4, > 4., Eq. (3.2) reduces to (MASSEY
and BATES 23, BATES and DALGARNO 24)
Vaizeh o (@, i)
m c®(m k) i w@) (3.3)
* (hvy)® e BT fy

where the lifetime 7, is expressed by the oscillator
strength f;;:

T,=A; 1=

ag;(i,tot) =T~

8a2%e?v? w(i) f 4

mcaw@) :

For temperatures of the order of 1000 — 3000 °K,
(i.e. kT < E) the Boltzmann factor is quite small.
Formula (3.3) .is then applicable. In case of high
density no upper levels will be formed. In the sum-
mation one has therefore only to take into account
the lowest ones. Under these conditions BATEs 30
has shown, using formula (3.3), that a4; is by a
factor of 4 — 5 less than the corresponding radiative
recombination coefficient a;;q for N*(3P) and is
completely negligible for O*(4S). However, if the
temperature is high and the density is low and if
one substitutes E from (2.7), it is obvious that the
summation over i’ = (n”,l”) in (3.3) will diverge
=" > n'’2 eIV T (3.5)

n'’

(3.4)

where n’’2 comes from w (n’,1' n” I”), see Eq. (7.2).
This divergence disappears since for high tempera-
ture and for large n” formula (3.3) is not applic-
able. The reason is that whereas A, is constant with
respect to n”’ [see Eq. (7.3)], A, decreases with

30 D. R. BATES, Planet. Space Sci. 9, 77 [1962].
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increasing n”’ [cf. the approximation of TUCKER
and GouLp 3, Eq. (7.4)]. Then for 4, < 4, from
the expression (3.1)

lz,,a‘“(i; i'i") ~ ZZw(i', i) Ay~ (n”) 73 (3.6)
(SHORE 3!) which makes the sum (3.2) converge.
This rapid decrease of the summands can be sub-
stituted by a cut-off in (3.3). Before this cut-off be-
comes effective, large values of statistical weights
(i’,i”) may make the summands large which re-
sults in ag; > a9 . In the following, we discuss a
formula of ag; for such cases.

4. Burgess Simplified Formula
for High Coronal Temperature

To evaluate (2.17), naturally one needs to know
the autoionization probability 4, as given by
(2.16) or directly calculated quantum-mechanically
(SHORE 3!). However we follow BURGESS 1> > 12 here.
Evidently, the rate of capture rgp, can be found
from the capture cross section 6., . For the capture
into a highly excited state, 6.,, may be approximat-
ed by the cross-section ¢, for ordinary excitation.
Whereas in the case of excitation, the impact elec-
tron leaves the atom and therefore its energy re-
mains positive, in the case of recombination the
captured electron has a negative energy. By extra-
polating ., for negative energies of the captured
electron just below threshold, the rate of capture
Tcap can be calculated as follows.

We consider the capture into closely lying highly
excited states. The number of electrons captured
into levels with the principal quantum numbers
lying between n” and n” +dn”" per N, and N, is
given by rpdn”. Here, the interval dn” corre-
sponds to an energy interval dE, which is populated
by dfe recombining electrons; f. being the Maxwell
distribution function. From (2.7)

dE—Ig>5 dn”. (4.2)
The number of captures is, on the other hand, given
by 0Ocapvedfe, where v, is the electron velocity.
Hence

Teap dn” = Ocap Ve dfe

41/? f_lﬂ_ E e—E/ET
Teap = 0ear Y W kD)

(4.3)

31 B. W. SHORE, Scientific Report No. 23, Harvard College
Observatory, Cambridge 1969.
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With this, Eq. (2.16) takes the form
A, (' U0 1" —>nlE,l)

_32am w(nl) 22 I

TR o@l,n’l") n
As mentioned above, 0., is approximated by Bur-
gess with the aid of oy . Substitution of (4.4) in
(2.17) leads to the following formula which is the
same as the first Burgess formula 3'* (BURGESS %2).

C Ar E e_E/kT n/’—3 2 Oex

Eoup. (4.4)

e

ag; = T—’/! Z ] w(nlll 1" B s ’
n'fiéir % Ar +n'21"'{' c w(n/ V,n" l") oexEn
(4.5)
where C=4V22Igk " (am) "
V H ( ) (4.51)

C'=32amz22Igh~8.

In most of the calculated cases the sums in the
denominator reduce to one term each. Now a rough

' _ Aa
study of (27" +1) 44,
the recombination process Ca*+e—Ca (i=4s,
i'=4p; BURGEss 3?) as well as a direct quantum-
mechanical calculation (SHORE32%) of the expres-

sion

and

as a function of n” 1" for

o) 3 4a
B(l’n):;EAr"'%:Az; (4.6)
ST i,

show that quite large values of n”" actually contri-
bute predominantly to ag; [Figs.2 (see p. 1782)

B(i:n") ]
] ’
/
’
/
B 'r 7
</
/
/ 0
100 4
1 \
] - \
\
4 Bey \"b
\
\
B \
\
\
\
10— N
] \
T — T e
™ "
Fig. 3. Values of B(i, n”’) for the Be II-Sequence (i=1s2 2s,

i"=1s%2p) (reproduced from SHORE 1?).

31a The stabilization is considered again only to the ground
state i of the ion X +2(i).
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and 3]. This very fact allows the derivation of a
simple formula for agy; .
In (4.5), the kinetic energy of the impact elec-
tron is given by (2.7). Introducing the notation
& = (1/".2 = l/n'2)
where the effective principal quantum number n is
BYen by ne(a+1) VRIT,, (4.6)

where R is the Rydberg constant and T, the term
value in em™!, one may rewrite the exponent of the
function in (4.5) as

_ -1 2oof1— — 2
E[kT=0.158 (s +1)2 1 I n,,2) .
(4.7)
(4.7)

Here
t=10"¢T°K

is the temperature in units of 106 °K.

So far as the summation over n” is concerned,
it is clear that due to the factor in the parenthesis
in (4.7), E/kT behaves as a slowly varying func-
tion for the large values of n” in which one is ac-
tually interested. As a result of this, one may re-
place E/kT by a constant effective value E/kT,
where (BURGESS 12)

z3

- -1
E/kT=O.158 t_l(z—tl)zfu’ 1+0'015 (z+1)2]
(E/ET £5.0) (4.8)

Now one can extract the exponential function from
the sum > in (4.5) and need not evaluate it for
w1

each n”’. The summation over n”’ I’ can then be per-
formed numerically. Expressing 4, in terms of the
oscillator strength, BURGESS 2 represents the results
by the following formula

4i=3.33-10713 17" (2 + 1)3 B(2) (4.9)
2 Veii fi A(x) e EFT em® sec™!

where r=(z+1) & (4.9))

and only one summation over the bound states i" of
the recombining ion X *# remains to be carried out
in each case. The functions 4(x) and B(z) are
tabulated below (BURGEss?). The approximations
(4.8) and (4.9) are based on a large number of
numerical calculations.

32 A, BurGess, Proc. Second Harvard-Smithsonian Conf. on
Stellar Atm., Smithsonian Astrophys. Obs., Special Report
No. 174, 47 [1965].

32a B. W. SHORE, Astrophys. J. 158, 1205 [1969].
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A somewhat different form can be given to the
formula (4.9), if one uses a polynomial represen-
tation of the functions A(x) and B(z). One has
(BURGESs 1)

a3 =3.0-10"2t~" B'(2) 3 fu A () e~ EIRT (4.11)

where now
B (z) =z2"(z+1)" (22+13.4) "=, 2<20 (4.12)
and

A (z) =2"[1+0.1052+0.01522] 1, 2>0.05.
(4.13)

Formula (4.9) along with Table 1 has been used
for calculating ag; for various ions (MUCKLICH 16 33),
We shall return to these calculations in the following
sections. Burgess’ detailed calculations of specific
ions with the aid of the first formula (4.5), show
that formula (4.9) or (4.11) give in general re-
sults within 20% of accuracy.

5. Determination of the Oscillator Strengths

In order to evaluate the simplified formula (4.9)
numerically, one has to know first of all the oscilla-
tor strengths f;;. In Coulomb approximation (Ba-
TES and DAMGAARD 3%),, it is given by

fri=3.037-1078 ;‘5:1@4)_ o3,

(i)

(5.1)
where 7 is the wave number of the transition in
cm™!, opp. is the Coulomb integral (tabulated by

Bates and Damgaard) and S (M) is the relative
multiplet strength which can be expressed as a pro-
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duct of Racah and fractional parentage coefficients
(RoHRrLICH 36). The Coulomb integral is
o8> = oy Fou, D) Jm_g,m, ) (5.2)
where the functions F and ] have been tabulated by
BATEs and DAMGAARD 35, and n; is the effective
principal quantum number, given by (4.6").

For simplicity we have used the Coulomb appro-
ximation throughout to calculate oscillator strengths
fvi. For some ions of interest the oscillator strengths
are enlisted in WIESE’s 37 tables. Some of these fy;
are also calculated by Bates and Damgaard’s me-
thod. A comparison of our calculated f;; with those
of Wiese shows in all cases an agreement within the
uncertainty of Bates and Damgaard’s approxima-
tion — sometimes even a very good agreement.

The main task of the calculation is to determine
the effective principal quantum number n’ given
by (4.6"). As the term values are not always known
for all ions of interest, one is obliged to take re-
course to extrapolation. Since n’ increases nearly
monotonically within an isoelectronic sequence, it
was estimated for these ions by extrapolating the
corresponding values of n’ of those members of the
isoelectronic sequence for which the term values of
the state in question are known. The corresponding
term values can then be estimated using formula
(4.6"). For ions, comprising a number of equivalent
electrons in their outermost shell, the difference be-
tween the various term values in a transition array
is small. In these cases mean values of n’ were de-
termined with the aid of mean term values over a
transition array.

Argument 0 1 2 3 5 6 7 8 9 10
A (z) [x>0.05] 1.13 1.00 0.88 0.77 0.67 0.58 0.51 0.44 0.39 0.34 0.31
B(z) 2.07 2.80 2.99 3.00 3.93 2.82 2.70 2.60 2.60 2.50 2.42
Argument 11 12 13 14 15 16 17 18 19 20 21
A(z) 0.28 0.255 0.235 0.21 0.19 0.175 0.16 0.145 0.13 0.12 0.11
B(z) 2.34 2.26 2.18 2.11 2.05 1.98 1.92 1.88 1.82 1.78

Table 1.

33 Miicklich’s result had already been used for determining
the state of ionization which in turn was employed in the
theory of line spectrum for the solar X-rays (ELWERT and
MiuckricH 34, ELWeRT 8). The theory agrees fairly with
the observations.

34 G. ELWERT and P. MUckricH, Mitt. d. Astron. Ges., Ham-
burg, p. 87, Reports of the Meeting in Eisenach/Thiir.,
6.—11. September 1965.

35 D. R. BaTes and A. DAMGAARD, Phil. Trans. Roy. Soc.
London A 242,101 [1949/50].

36 F. ROHRLICH, Astrophys. J. 121, 441, 449 [1959].

37 W. L. Wiesg, W. M. SmiTH, and B. M. GLENNON, Atomic
Transition Probabilities, Vol. 1, NSRDS-NBSA, U.S. Dept.
of Commerce, Washinton D.C. 1966.

38 C. W. ALLEN, Astrophysical Quantities, Univ. of London,
The Athlone Press, Second Edition, p. 54, 1963.
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The existing tables (ALLEN 3%, SHORE %) of the
relative multiplet strengths were found to be in-
sufficient. They were therefore calculated for the
transitions in question, which in turn are mostly
of the type I"—I"-1l' or I"I'""~-1—["-1]'"™ in the
notation of ROHRLICH 3. For the special case

p"(SL) —p"-1(S,L,) dSL,
the MENZEL and GOLDBERG %? relation gives
2 2S(M)=10n(2S+1) (2L +1). (5.3)

SL, T
The sum over the whole transition array is then

> 2 25=10n(). (5.4)
SL S,L, L'
The relative multiplet strength for the individual
transitions can be taken from the Table 2.

6. Results

In the following section we discuss the results
of the calculations of ay; for the ions CV and C VI;
N VI and N VII; O VII and O VIII; Ne VII, Ne VIII
and NelIX; MgIX, MgX and MgXI; SiVI to

S. M. R. ANSARI, G. ELWERT, AND P. MUCKLICH

S (A)

L L L’ n = number of equivalent electrons

1 2 3 4+ 5
N P P = 20 120 40 —
P S D 60 — 40 120 20
P P P = 45 22.5 22.5 45
P P D — 135 675 675 135
P D N — — 10 30 20
P D P - — 22.5 67.5 45
P D D — - 175 525 35
D P P — 1 1.5 05 —
D P D — 15 22.5 7.5 —
D P F — 84 126 42 -
D D P — — 13.5 1356 —
D D D -— — 525 525 —
D D F - — 84 84 —

Table 2. Relative multiplet strength for the transition
prSL—~pr-1(S;L,) d SL’.

With regards to numerical computations we will
give formulas for ay; instead of tables. According
to the expression of Burgess the coefficient of di-
electronic recombination can generally be written
in the form

SiXII; SVIII to SXIII and FeX to FeXIV ; —y
. agi (i, tot) =t~ > Fy exp{ — P/t 6.1
(MUCKLICH 16, ANSARI et al.15, ELwErT 17). ai ) ; v exp{ — Py} (6.1)
Excited
” 2 3 4p Number of
Biates P P F P P F P electrons in
Ton \ the system
~

CVI 4.8 (—11) 4.1 8.7(—12) 4.8 3.2(—12) 5.1

N VII 6.5 (—11) 5.4 1.2(—11) 6.5 4.3(—12) 6.8 1

0 VIII 8.5 (—11) 7.0 1.5(—11) 8.3 5.4 (—12) 8.8

cv 4.7 (—11) 34 9.6 (—12) 4.0 3.4 (—12) 4.1

N VI 7.4 (—11) 4.8 1.4(—11) 5.5 4.9(—12) 5.8

0 VII 1.0 (—10) 6.3 2.0 (—11) 7.3 7.6 (—12) 7.6

Ne IX 1.7 (—10) 9.8 3.2 (—11) 114 1.1(—11) 12.0 2

Mg XTI 2.4 (—10) 14.0 4.8(—11) 16.3 1.9(—11) 17.0

Si XIIT 3.3(—10) 19.0 5.9 (—11) 22.0 2.4(—11) 23.0

S XV 4.1(—10) 24.0 7.3 (—11) 28.0 2.5(—11) 30.0

Ne VIII 1.1(—11) 0.17 5.2 (—11) 1.5 1.5(—11) 2.0

Mg X 1.4(—11) 0.21 9.9 (—11) 2.2 2.7(—11) 2.9 3

Si X1IT 1.7 (—11) 0.25 1.6(—10 3.1 4.4(—11) 4.1

S X1V 2.0 (—11) 0.28 2.4 (—10) 4.0 4.7 (—11) 5.3

Ne VII 4.0 (—11) 0.30 2.3(—11) 14 1.7 (—11) 1.8

Ne VII 1.0 E5 I1]1) 2.0

e 0(— ;

Mg IX 5.5 (—11) 0.36 1.4(—10) 2.1 3.8 (—11) 2.7 4

Si XTI 7.0 (—11) 0.42 2.5 (—10) 2.9 5.9 (—11) 3.8

XIII 8.7(—11) 0.49 3.8 (—10) 3.9 9.0 (—11) 5.1

Table 3.

3% D.H. MenzeL and L. GOLDBERG, Astrophys. J. 84,1 [1936].
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where the parameters F; and Py take certain values
for each ion. As a consequence of the fast decrease
of the terms of the sum with increasing quantum
numbers i’, one has to consider only a few transi-
tions. The parameters F; and P; are represented in
Tables 3 and 4.

The results are represented in Figs. 4 to 13. One
sees immediately that ag; increases first with in-
creasing temperature; the physical reason being that
at high temperature more free electrons exist wich
have the necessary energy to recombine via inverse
autoionization followed by radiative stabilization.
Then, ag; reaches a maximum and decreases mono-
tonically with increasing temperature. According to
ALLEN %0 the higher the energy of the first optically
allowed transition of the recombining ion, the
higher is the temperature Th,,, at which the maxi-
mum of the dielectronic recombination occurs. T,y
is approximately given by (ALLEN #°)

108 o
T ax=~90- ey ~7000E [eV] K  (6.2)

where A is the wavelength of the first optically al-
lowed transition of the recombining ion in A, and
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E is the corresponding excitation potential in eV.
On the other hand, the coefficient for radiative re-
combination a;,q decreases monotonicaly with in-
creasing temperature. As a result of this, the coeffi-
cients of dielectronic and radiative recombination
behave differently depending on the temperature.
A sufficiently good formula for a,,q was first deriv-
ed by ELWERT %!, In the figures the simpler expres-
sion given by BURGESs and SEATON 3

2
g (X+@-D) = 1.3-10—15“7 I/ cm®sec™ (6.3)

was used. The ionization potential in eV of X* -1
is denoted by I, ;. In Table 5, Ty, for the ions
listed above is given. The temperature Ty, at which
the total recombination coefficient ag;+ a;,q be-
comes a minimum is according to ALLEN 4 given

by T 590,25 T « (6.4)

The following interesting point should be noted.
In case of CV and CVI, Fig. 4, the maximum of
ag; occurs at about 2-108 °K, the first excitation
energies of both ions being of the same order of
magnitude. On the other hand, if the first optically

N 3d 4d 5d 35 pn ofelectr.
in th

Ton S F P F P F p F p F P inthe

Si X 17(—10) 2.6 40(—11) 83  17(—11) 3.6 69(—12) 24 68(—11) 046 5

S XII 28(—10) 3.5  6.2(—11) 45 25(—11) 49 82(—12) 33 90(—11) 056 5

SiIX 24(—10) 24  64(—11) 29 — — 98(—12) 21 52(—11) 049 6

S XI 40(—10) 33  1.0(—10) 41 39(—11) 46 15(—11) 30 7.0(—11) 061 6

Si VIII 17(—10) 2.1 59(—11) 26 — — 93(—12) 19 38(—11) 052 7

S X 45(—10) 3.0  11(—10) 37 44(—11) 40 20(—11) 2.6 52(—11) 061 7

Si VII 75(—11) 1.9 13(—11) 23 — — 41(—12) 16 25(—11) 054 8

SIX 25(—10) 27 1.1(—10) 33  30(—11) 34 10(—11) 24 34(—11) 064 8

Si VI 6.9(—11) 1.6 18(—11) 19 82(—12) 21 67(—12) 14 10(—11) 056 9

S VIII 26(—10) 25  98(—11) 29 25(—11) 32 15(—11) 21 1.5(—11) 067 9

FeXVII 27(— 9) 78  172(—10) 97 — — 10(—10) 70 36(—11) 859 10

SN\

7 3p 4p 5p
Ion\\ F P F P F P
Sy

FeXVI  1.3(—10) 03 18(—10) 24 63(—11) 33 — _ e

Fe XV 3.6(—10) 05 29(—10) 23 12(—12) 33 — - - — 12

S 3d 4d 5d 4s pn

Ion ~_ F p F p F P F P F P

e

FeXIV  9.1(—11) 05 14(—10) 21 49(—11) 28 29(—11) 18 22(—10) 042 13

FeXIII  9.0(—11) 04 34(—10) 18 11(—10) 25 23(—11) 1.6 15(—10) 037 14

Fe XII 92(—11) 03 45(—10) 17 14(—10) 23 48(—11) 1.6 86(—11) 033 15

Fe XI 62(—11) 03 59(—10) 1.6 17(—10) 21 42(—11) 14 33(—11) 025 16

Fe X 6.4(—11) 03  61(—10) 15 17(—10) 20 41(—11) 14 18(—11) 030 17

Table 4

40 C. W. ALLEN, Space Sci. Rev. 4,91 [1965].

41 G. ELWERT, Z. Naturforsch. 7 a, 432 [1952].
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Fig. 8. Coefficients of dielectronic and radiative recombina-
tion for ions of Mg.
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Fig. 9. Coefficients of dielectronic and radiative recombina-
tion for ions of Si.

allowed transition of the recombining ion takes
place from different atomic shells for two succes-
sive stages, the coefficients behave substantially dif-
ferent, for example in case of Ne VIII and NeIX.
Ne VIII contains still one electron in the L-shell,
while NeIX possesses only two K-electrons. From
Table 5, one can see that the corresponding wave-
lengths of the first optically allowed transitions change
abruptly. Thus, the maximum of ay; for Ne VIII oc-
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Fig. 12. Coefficients of dielectronic and radiative recombina-

tion for ions of Fe.

curs below 10 °K ; the dielectronic recombination is
much larger than the radiative recombination. On the
other hand for NeIX (Fig.7), the maximum in
question occurs at T >4-10° °K, the radiative re-
combination still predominates up to 2-10¢ °K. Si-
milar statements can be made for Mg X and Mg XI
(Fig. 8), SiXII and SiXIII (Fig.9), Fe XVI and
Fe XVII (Fig. 12).
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Fig. 13. Coefficients of dielectronic recombination for ions of
Fe X, XII, XV (linear scale).

For the ions Fe X to Fe XIV, the wavelength of
the first optically allowed transitions lie between
about 500 and 200 A eV; the maxima of ag; occur
therefore between 2 and 4-10°°K (Fig. 12). At
temperatures of the order of 10% °K and larger, the
dielectronic recombination coefficient decreases and
is about 50 times larger than the corresponding ra-
diative coefficient. Similar results are obtained for
the ions of Si and S also, see Figs. 9 and 11.

Ton cv CVI N VI N VII
A[A] 40,27 33,74 28,79 24,78
tonas 2,23 2,67 3,13 3,63
Ion Ne VII Ne VIII Ne IX Si VI
A[A] 455,9 763,9 13,38 246,0
tmax 0,20 0,12 6,73 0,37
Ton Si XII SiXIII FeX Fe XI
A[A] 510,0 6,65 4774 458,3
tmax 0,18 13.53 0,19 0,20
Ton Fe XVII — = =
ATA] 15,26 — - =
Pnax 5,90 = - =

O VII O VIII Mg IX Mg X Mg XI
21,60 18,97 368,1 617,5 9,17
4,17 4,74 0,24 0,15 9,81
Si VII Si VIII Si IX Si X Si XTI
251,2 258,4 269,0 281,2 303,6
0,36 0,35 0,33 0,32 0,30
Fe XII Fe XIII Fe XIV Fe XV Fe XVI
383,1 312,7 248,3 268,7 348,5
0,23 0,29 0,36 0,33 0,26

Table 5. Wavelengths of the first optically allowed transitions.
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7. Tudker and Gould Formula

Another formula which is based on a drastic ap-
proximation 2 has been set up by TUCKER and
Gourp 5. This very simple formula can be derived
directly from the first Burgess formula (4.5). To
that end Tucker and Gould

1) employ vAN REGEMORTER’s 4 excitation cross
section Oy , given by

8n Ig?

=——— f. . 2
oex— V3 Ee(Ei'—Ei) fllgll na() ]

(7.1)

where a,=Hh2/me? is Bohr’s hydrogen radius and
gi is an effective Gaunt factor determined from the
best observations and calculations. This substitution
confines the [”-dependence only to the statistical
weight w(n"l',n”’l”) of the doubly excited states.

2) make a very rough approximation in summing
over I”. The statistical weight  appears in the
second term in the denominator of (4.5). Tucker
and Gould substitute this summation by

So@ Un" ) =a@ ) 3 (217 +1) =n"2 o(n’I).
’” g (7.2)

3) suppose that the radiation probability
(7.3)

A, =i, > 4,0 —i)=c

i. e. is independent of the quantum numbers of the
captured electron. This assumption is also made by
BurGEss ! and TREFFTZ 2%, and was established by
SHORE !°. Deferring the discussion of 2) to the end
of this section, we sketch first the derivation of the
Tucker and Gould formula in the following.

With the assumption 1) the auto-ionization prob-
ability A, can be approximated as

2 Ay =bnr" ¥, (7.4)

where

b=1.3-108

2 o (@) fir i girr i g ,
@) lz Er—Eor sec 1. (7.4")

E; and E; are the level energies in eV.

Similarly the numerator of (4.5) can be written

as T qce EIFT p/"—3 (7.5)
) R\ 2y .
with a=4.942-10%(2)" I figi . (7.5)

42 Compare the remarks of SEATON 43, TREFFTZ 2 and SHoO-
RE 19,

43 M. J. SEATON, Atomic Collisions Cross Sections (Section
IV: Recombination), Report of Comittee 2b of Commis-
sion 14, Transactions of 13th General Asembly of IAU,
Prague (D. Reidel, Publ. Co. Holland), esp. p. 242, 1967.

1793

Then one gets finally for the coefficient of dielec-
tronic recombination either the expression (TUCKER

and GouLD )

n”’—3 e—E[kT

8 — T ac el
agi (i, tot) =T ;"Z crbns (7.6)

or in the form given by Cox 4

_ h3 w (@) c
T @amkT) T w()

exp{ —Ey[kT} S, T),
(7.7)

where E;; is the excitation energy given by (2.4)

- »
ST =3 e e, (13
n. being defined by
y [T s
ne=26(2g) " (5] " . (7.9)

Tucker and Gould then substitute > by an integral,

neglecting the exponential factor in (7.8). They
obtain the result

a3i(TG) =T > Cy exp{ —Ew/k T}, (7.10)

where

Cy= Z cosec (3—7') a (i) " .

- A (7.10)

For the first excited state the coefficient C; is
tabulated in their paper.

According to a comparison of a4;(TG) and the
results obtained with Burgess’ formula a4;(B) by
Cox % for high z, a4;(TG) should be larger than
a4i(B) by a constant factor of 3 nearly; this factor
rises even higher with the decrease of z up to a
value of 8 for z=1. Cox expects this rise to be com-
pensated by the z-dependence of g;;’ .

In Fig. 14, a plot of a4;(TG) and a4;(B) for
SiIX, SiX and in Fig. 15 a plot of ag; for Mg IX
and MgX according to our calculations is given.
They show also that for sufficiently low tempera-
tures (£<t.), a3i(TG) >a4;(B) which agrees with
the estimation of Cox. One notes, however, that at
temperatures t>1?., a4;(TG) <ay;(B), the ratio of
the two coefficients decreases with increasing tem-
perature. However, a comparison of the ionization
equilibrium for the ions SiIX and SiX, allowing

4 H. vaN REGEMORTER, M.N.R.A.S. 121, 213 [1960] ; Astro-
phys. J. 136, 906 [1962].
4 D. P. Cox, private communication, 1969.
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Fig. 15. Comparison of aqi (Burgess) and agi (Tucker-Gould)
for Mg IX and Mg X.

for the dielectronic recombination by Tucker and
Gould’s and by Burgess’ formulas (Fig. 21), shows
that the populations of the ionization stages as a
function of the temperature are not appreciably dif-
ferent from each other.

We may remark that, besides the reasons men-
tioned before, a further objection to the approxima-
46 G. ELWERT, s. Anm. 41,

47 G. ELWERT, Z. Naturforsch. 9a, 637 [1954].
48 L. BIERMANN, Naturwiss. 34, 87 [1947].
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tion of Tucker and Gould is the fact that the so-
called resonance width

I''=>>A4,i,i"—i,E.lL)
i,

occuring in the denominator of (2.17) turns out to
be strongly !”-dependent when evaluated quantum-
mechanically, especially for sufficiently large I”;
it decreases rapidly with increasing I’ (SHORE 1?).
Consequently, the use of (5.2) is very rough. The
same conclusion is drawn by Mrs. TREFFTZ 28 also.

8. Ionization Equilibrium in the Solar Corona

It can be shown that in the jonization equilibrium
of the solar corona the photoionization and the
three-body recombination are not predominant (EL-
WERT #6:47) | It was therefore customary to assume
that in the solar corona collisional ionization

X+E-Die—s>X+2tete
on the one hand, and radiative recombination
X*2(0) +e—> X*+E-D) 5 X+E-) L oy,

on the other, are the main processes for setting up
an equilibrium (BIERMANN %%, WOOLLEY and AL-
LEN %9, MryaMoToO %%). Since BURGESs’! work we

lons %
100

il o

501

251

Ne Vil

eVt .

10 15 20 T[10°°K]
Fig. 19. Ionization equilibrium of Ne-ions; curves as explained
in Fig. 16.

4 R. v. p. R. WooLLEY and C. ALLEN, M.N.R.A.S. 108, 292
[1948].
50 S, M1yAmMoTO, Publ. Astr. Soc. Pacif. I, 1950.
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know the importance of dielectronic recombination.
The total number of collisional ionizations should
therefore be equal to the number of dielectronic and
radiative recombinations, namely

N,_4 NeS=NzNe(arad+adi)
or Nz/Nz—1=S/(arad+adi) )
where S denotes the coefficient of collisional ioniza-
tion. A sufficiently good expresison for S was first

derived by ELWERT %6, a somewhat simpler formula
was then given by SEATON 51:

(8.1)

S(X+E-1) 22.10—8152227-_11 T+ 10~ 600D [, cm? .

sec

(8.2)

I,_; is the ionization potential of X*#-1 in eV
and {,_; the number of electrons in the outer shell
of X* -1, In Figs. 16 — 24 the percentage of spe-
cific ion concentration N(X*@-1D)/N is plotted
against the temperature, where N is the total num-
ber density of all the ionization stages to be con-
sidered.

After completing the calculations, some papers
were published in which the contribution to the
ionization rate by autoionization from collisionally
excited levels was considered. Taking into account
this density dependent effect, ALLEN and DUPREE 52
determined the ionization equilibrium. Whereas the
concentrations of O and Si change little when this
autoionization is included, the effect of the increase
in the rate of ionization is apparent in the ioniza-
tion equilibrium of heavy elements (ALLEN and
DuPREE 52). It leads to a shift of the maximum of
the ions population to lower temperatures, for in-
stance in case of some Fe ions.

51 M. J. SEATON, Plan. Space Sci. 12, 55 [1964].
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Besides the autoionization from the collisionally
excited levels, the collisional depopulation of highly
excited states should be taken into account (BUR-
GEss and SUMMERS %), especially in case of high
electron densities. A reliable method to include the
latter process is in developing stage. Using an esti-
mate of the reduction in dielectronic recombination
rate by this density dependent effect, JORDAN 22 cal-
culated the ionization equilibrium of many ions,
using a relation between temperature and density
valid under the conditions of the solar atmosphere.
For light elements (approximately up to O) the
maxima of our ionization curves are close to those
of the curves computed by Jordan. Frequently the
curves are between those of Jordan calculated with
regard to and without regard to density dependent
effects, or they even coincide with one of them. For
Si the positions of the maxima differ little as com-
pared to our curves; allowing for density dependent
processes, they are shifted a bit towards lower tem-
peratures. This displacement increases for S and is
yet more pronounced for Fe.
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